Abstract. We study generalizations of the high-resolution wave propagation algorithm for the approximation of hyperbolic conservation laws on irregular grids that have a time step restriction based on a reference grid cell length that can be orders of magnitude larger than the smallest grid cell arising in the discretization. This Godunov-type scheme calculates fluxes at cell interfaces by solving Riemann problems defined over boxes of a reference grid cell length h.
Introduction.
We consider the numerical approximation of hyperbolic systems of conservation laws using finite volume schemes on irregular grids. We mainly restrict our considerations to the case of one spatial dimension, although an extension to the two-dimensional case will also be considered. Under appropriate smoothness assumptions the equations can be formulated in the differential form ∂ ∂t q(x, t) + ∂ ∂x f (q(x, t)) = 0, (1.1) where q(x, t) is a vector of conserved quantities and f (q(x, t)) is a vector of flux functions. For the numerical approximation we want to use a finite volume method. On an unstructured grid such a scheme can be written in the general form
where Q n i is an approximation of the cell average of the conserved quantity over the grid cell [x i− 1 2 , x i+ 1 2 ] at time t = t n . The vector valued quantities F i− 1 2 and F i+ 1 2 are the numerical flux functions at the cell interfaces. We denote the time step by t and the length of the ith grid cell by x i = x i+ 1 2 
We are particularly interested in the construction of high-resolution schemes for a grid which contains one small grid cell, while all other grid cells have the same length, which will be denoted by h = x. This situation is motivated by a twodimensional application, namely the construction of Cartesian grid methods with embedded irregular geometry. Away from the boundary one may want to use a regular Cartesian grid. Near the boundary one then obtains irregular cut cells, which may be orders of magnitude smaller than the regular grid cells. Our aim in such a situation is to construct a scheme that is stable based on time steps adequate for the regular grid. Such methods were developed by Berger and LeVeque in [4] , [5] , [6] . The basic idea of these so-called h-box methods is to approximate the numerical fluxes at the interfaces of a small cell based on initial values specified over regions of length h, i.e., of the length of a regular grid cell. If this is done in an appropriate way, then the resulting method remains stable for time steps based on a CFL number appropriate for the regular part of the grid. See also [8] , [9] , [10] , [23] , [21] , and [25] for other embedded boundary Cartesian grid methods that have this same stability property.
Besides this two-dimensional application, h-box schemes can also offer interesting alternatives to existing irregular grid methods. An extension of h-box methods to a completely irregular grid was considered by Berger, LeVeque, and Stern [7] ; see also Stern [28] . We will consider such calculations in section 5. In section 7, we construct a multidimensional h-box method. Other potential applications are the construction of moving mesh or front-tracking algorithms. Stern [28] used an h-box method to construct a conservative finite volume algorithm for a Cartesian grid with an embedded curvilinear grid.
Unsurprisingly, the accuracy of an h-box method depends strongly on the definition of the h-box values. In this paper we develop a one-dimensional as well as a two-dimensional high-resolution h-box method. Our goal here is a systematic study of h-box methods in a relatively simple context to provide fundamental understanding for the more complex applications mentioned above. For the advection equation we show that the one-dimensional scheme leads to a second order accurate approximation of smooth solutions on nonuniform grids (without any restrictions on the grid). We also verify that the resulting method leads to high-resolution approximations for the Euler equations on nonuniform meshes. The approximation of transonic rarefaction waves turns out to require a special treatment. Throughout this paper we will discuss the construction of h-box methods based on LeVeque's high-resolution wave propagation algorithm [18] . This method is implemented in the clawpack software package [13] , which provided the basic tool for our test calculations.
The large time step Godunov method of LeVeque described in [14] , [15] , [16] is related to the h-box method. This scheme allows larger time steps in the approximation of nonlinear systems of conservation laws by increasing the domain of influence of the numerical scheme. This is done in a wave propagation approach, in which waves are allowed to move through more than one mesh cell. The interaction of waves is approximated by linear superposition. At a reflecting boundary this method becomes more difficult than an h-box method, especially in higher dimensions, since the reflection of waves at the boundary has to be considered for waves generated by Riemann problems away from the boundary; see [3] . In [22, Lemma 3.5] , Morton showed that high-resolution versions of such a large time step method lead to a second order accurate approximation of the one-dimensional advection equation on a nonuniform grid only if the grid varies smoothly. The high-resolution h-box method described in this paper does not require this smoothness assumption.
The wave propagation algorithm.
In this section we describe the basic concept of the high-resolution wave propagation algorithm applied to irregular Cartesian grids; a more general description can be found in LeVeque [18] or [19] . The numerical method for solving (1.1) is a Godunov-type method; i.e., the fluxes at cell interfaces are calculated by solving Riemann problems defined from cell averages of the conserved quantities. This is done by calculating waves that are moving into each grid cell. The first order update of the wave propagation algorithm has the form
Here the change of the conserved quantities is calculated by taking all waves into account that are moving into the grid cell from the left (respectively, right) cell interface. 
The left-and right-going fluctuations are calculated as
This can be written as a finite volume scheme of the form (1.2) using the relations
Appropriate waves and speeds for systems of conservation laws can sometimes be calculated by using an exact Riemann solver, but more often an approximative Riemann solver, for instance a Roe-Riemann solver [26] , is used.
In the wave propagation algorithm second order correction terms are included by extending the first order method into the form
On an irregular grid, the second order correction terms have the form
In (2.4) the wavesW p are limited waves-this limiting is necessary in order to avoid oscillations near discontinuities.
The resulting scheme is stable for the approximation of systems of conservation laws (1.1) as long as time steps are restricted such that waves move through at most one mesh cell, which means the Courant number is no larger than one, i.e.,
The h-box method changes this time step restriction by replacing x i in the denominator of (2.5) by h, the width of a reference grid cell. We will use the notation CFL h if we want to indicate that the Courant number is based on grid cells of width h.
We want to note that some care is necessary in the construction of second order accurate algorithms for irregular grids. There exist versions of the one-dimensional Lax-Wendroff method which lead to second order accurate approximations of the advection equation only if the grid is sufficiently smooth, i.e., if x i / x i−1 = 1 + O(h), where h = max i x i ; see, for instance, Wendroff and White [30] , [31] and Pike [24] . See also Morton [22] for convergence results of finite volume methods for the approximation of the advection equation on nonuniform grids.
3. The one-dimensional h-box method. First we want to approximate (1.1) on an almost uniform grid that contains one small grid cell in the middle. This example allows simple analytical studies. However, we will show that the results obtained for this simple test case can be extended to more general applications.
We denote the length of a regular grid cell by h = x. The small cell has the length αh, with 0 < α ≤ 1. For the small cell the numerical method has to be modified in order to obtain a stable scheme for time steps t that satisfy the stability condition in the regular part of the grid. The h-box method introduced by Berger and LeVeque [5] defines new left and right states at the edges of the small cell that represent the conserved quantities at these interfaces over boxes of length h; see Figure 1 . This guarantees that the domain of dependence of the numerical solution has the size of a regular mesh cell, which is a necessary stability condition.
First order accurate h-box methods.
As a first step we compare the performance of two different h-box schemes applied to the advection equation q t (x, t)+ aq x (x, t) = 0. We will assume that a > 0, although analogous considerations can of course be made for the case a < 0. In the following we assume that k is the index of the small cell. In order to calculate numerical fluxes at the small cell interfaces new values of the conserved quantity q that represent piecewise constant initial values over boxes of length h will be defined. For the left cell interface of the small cell, these values are denoted by Q L k− 1 2 and Q R k− 1 2 . At the right cell interface of the small cell we have to define values Q L k+ 1 2 and Q R k+ 1 2 . This is indicated by the shaded boxes at each interface in Figure 1 .
The most obvious choice is to define the h-box values via cell averaging over the piecewise constant initial values. (To keep the notation simple we sometimes suppress the time index if it is clear that we mean the values at time t n .) We obtain
Such h-box values were used in Berger and LeVeque [5] as well as by Forrer and Jeltsch [10] . For the advection equation the update of the small cell value can now be calculated using the upwind method. We obtain
Note that the small denominator (that may cause a stability problem) has been removed. One can indeed show TVD stability for this method assuming CFL h ≤ 1; see section 4. However, it is clear that this cannot be a very accurate formula. The truncation error of the scheme (3.2) has the form
h).
Only for α = 1 is the truncation error in cell k of the order O( t, h). Note that grid functions for the exact solution q are expressed with lower-case letters, whereas numerical approximations are written in capital letters. In spite of the apparent inconsistency of the scheme, numerical tests suggest that this h-box method converges with first order. For the advection equation we can indeed prove that under appropriate smoothness assumptions the scheme is first order accurate in the small cell. This so-called supraconvergence property can be shown using an idea developed for conservation laws by Wendroff and White [30] , [31] . See also [12] , [20] , where these ideas were introduced for boundary value problems for ODEs. Proof. The basic step of the proof is to calculate the local truncation error for a grid function w, which must be an accurate enough approximation of the grid function of the exact solution q. We want to show that the truncation error for w is first order, i.e., Lw = O(h). In order to do this we specify the grid function to have the form
Here we assume that x i = α i h, i.e., α i = 1 for i = k and α k = α. The distance between x k and x k−1 is
In the simple situation of only one small grid cell we have w
The truncation error of the grid function w for the scheme (3.2) has in the small cell the form
From the truncation error of w and the stability of the method for CFL h ≤ 1 it follows
we obtain the estimate
i.e., the h-box method (3.2) leads to a first order accurate approximation of the advection equation in the small cell k, in spite of the fact that the scheme is inconsistent in the small cell. Using the same grid function w one can also show that the truncation error Lw in cell k + 1 is of the order O(h). In all other regularly spaced grid cells, the method agrees with the upwind scheme for which the truncation error is also O(h). Therefore, we obtain first order convergence in the whole domain. In order to obtain a more accurate small cell scheme, we will now consider the construction of h-box values based on linear interpolation using again grid cell values that are overlapped by the h-boxes. Such h-box values have the general form
We want to determine λ so that we obtain a consistent h-box scheme, i.e., for which Lq = O(h, t). By again using Taylor series expansion we find that only λ = 2α 1+α
leads to an upwind method that satisfies this condition. This suggests that the h-box values should have the form
Note that this interpolation formula was already given in [4] but not further investigated there. In [7] , [28] h-box values were defined in a similar way, and the resulting scheme was shown to give good results for advection and Burgers's equation. One time step of the h-box method based on the interpolation formula (3.3) again for a > 0 has in the small cell the form
We can derive the same method as a finite difference scheme by replacing q x (x k , t n ) in the Taylor series expansion of
by an appropriate first order accurate finite difference formula. The h-box method (3.4) can be interpreted as a finite difference scheme that approximates the q x (x k ) terms by one-sided finite differences. This h-box method leads to a first order accurate method that approximates linear functions exactly. One can also show that an upwind scheme based on the h-box values (3.3) also leads to a consistent first order accurate update in the two neighboring grid cells of the small cell.
If we use the wave propagation algorithm, then the first order update in the small cell can be written in the form
) , (3.6)
and Q k+
. In the limit case α = 1 1 2 , and (3.6) reduces to the first order accurate wave propagation algorithm that is valid in the regular parts of the grid. This formula remains valid for nonlinear equations as well as systems of conservation laws, assuming we have a Riemann solver that provides us a decomposition of Q R −Q L , as described in section 2. We indicate quantities that are calculated from h-box values by the "ˆ" symbol.
Numerical results shown in section 5 will demonstrate the superior properties of an h-box method with h-boxes obtained by linear interpolation.
A second order accurate h-box method.
In order to obtain a highresolution scheme we want to include second order correction terms. This means we want to obtain an update of the small cell that can be written as
, whereF 2 denotes the second order correction terms that are implemented in flux differencing form. By analogy to the standard wave propagation algorithm, these second order correction terms should also be calculated by using the waves and speeds obtained from solving Riemann problems at the cell interfaces. For the small cell we again use the waves and speeds from Riemann problems defined by the same h-box values used to obtain the first order update. We will restrict our consideration to h-box values that are calculated using the interpolation formula (3.3).
The formula (2.4) for the second order correction flux on irregular grids suggests using correction terms of the form
in the small cell. The wavesŴ p i+ 1 2 and the speedsŝ p i+ 1 2 can be obtained by solving Riemann problems defined by the h-box values at the small cell interfaces. One can show that the truncation error in the small cell that results from such a high-resolution wave propagation scheme is Lq k = O(h 2 , t 2 ); i.e., assuming the scheme is stable we would obtain a second order accurate approximation in the small cell. However, numerical tests showed that such an approach is not stable for time steps satisfying CFL h ≤ 1.
Instead we use second order correction terms of the form
The waves are again calculated from Riemann problems defined by the h-box values. The difference from (3.7) is that we do not take the size of the small cell into account in the calculation of the correction fluxes. This reflects the general concept of the h-box method where fluxes are calculated from values defined over regions of length h.
Although the truncation error for the grid cell k now contains first order terms which do not cancel out, the numerical results are very satisfying and indicate second order convergence as well as stability for CFL h ≤ 1. Assuming that the solution is sufficiently smooth we can indeed prove that the resulting method leads to a second order accurate approximation for the advection equation.
Proposition 2. We consider the approximation of the advection equation on an almost uniform grid with mesh width h that contains one small mesh cell of length αh, with α ≤ 1. The h-box method consisting of the first order update (3.4) and the second order correction terms (3.8) (without limiters) leads to a second order accurate approximation for sufficiently smooth solutions of the advection equation.
Proof. We again use the idea of Wendroff and White and consider the truncation error Lw for a grid function of the form w
Here we assume that x i = α i h. We have α i = 1 for i = k and α k = α. In regular grid cells i = k the grid function w agrees with the exact solution. We want to show only second order convergence in the small cell as well as in the two neighboring cells k − 1 and k + 1, since the method reduces to the high-resolution wave propagation algorithm in the other regular grid cells. In the case considered here, the wave propagation algorithm on the regular part of the grid is equivalent to the Lax-Wendroff scheme.
The truncation error for the grid function w has the form
Here we use h k+
for the distance from the cell center of the small cell k to the cell centers of the neighboring cells. By using the relations 
. Since the grid function was chosen to satisfy w = q + O(h 2 ), we conclude that Stability of this second order accurate scheme will be shown in the appendix.
Using the same grid function w, one can also show that Lw = O( t 2 , h 2 ) in the neighboring grid cells k − 1 and k + 1. Therefore, the numerical solution converges with second order accuracy in the whole domain. Figure 2 shows a schematic description of the first order update and the highresolution correction for cell k + 1. The dotted lines depict the initial values, i.e., Q L k+ 1 2 and Q R k+ 1 2 = Q k+1 . In a first step the piecewise constant values are propagated over a distance a t, as shown in Figure 2 (a). In order to increase the accuracy, the piecewise constant initial values are replaced by piecewise linear functions. In Figure 2 (b), we show the piecewise linear reconstructed function Q
)/h. Since we already calculated the first order update, the second order correction terms, calculated by propagating piecewise linear initial values Q L k+
, take only the shaded region shown in Figure 2 (b) into account. Compare with LeVeque [17] , where such second order correction terms were described for the approximation of the advection equation on a uniform grid.
Limiters for the h-box method.
In order to have control over unphysical oscillations near discontinuities some kind of limiters must be used in the second order correction terms (2.4). In the wave propagation algorithm this is done by using wave limiters that modify the magnitude of the waves 3 2 , depending on the direction of flow; see LeVeque [18] or [19] for details.
In our high-resolution h-box method we can use the same limiting process in order to obtain limited versions of the waves that were calculated from h-box values. These limited waves can then be used in the second order correction fluxes (3.8) . In order to obtain the limiter for waves at a small cell interface, we compare those waves with waves arising from Riemann problems at a distance h away from the cell interface. This can be done by constructing two additional h-boxes at the small cell interface. The waves resulting from the solution of Riemann problems defined by these new h-box values to the left-and right-hand side of a small cell interface can then be used in order to estimate the wave limiter for the waves at the small cell interface. This requires the solution of two additional Riemann problems for each small cell interface; see Figure 3 . We used such a limiting process in order to approximate a shock wave solution on an irregular grid shown in section 5.
In addition to the wave limiting process we also include a limiter into the approximation of the h-box values. Note that the h-box values (3.3) can also be obtained by reconstructing a piecewise linear function Q(x) from the cell averages Q i for all i and calculating the average value of this piecewise linear function over the same boxes of length h, as indicated in Figure 1 . If the reconstructed function has the form 
Near discontinuities such piecewise linear values may not represent a good approximation of the solution. We can use standard slope limiters in order to obtain better approximations there. We can, for instance, use a slope limiter proposed by van Leer [29] . Here the slopes are replaced by limited versions that have the formσ i = σ i φ i for i ∈ {k − 1, k + 1}. For our application the limiter has the form
It may be replaced by other limiter functions. Note that we do not want to use a steeper slope than σ k−1 (respectively, σ k+1 ) for the construction of h-box values, because only those values lead to a second order approximation in smooth regions. However, near discontinuities we want to limit these slopes. The resulting limited h-box values can be calculated using the formulas
On the stability of the h-box method.
The h-box method retains stability by constructing a finite volume scheme for which the flux difference is of the order of the size of the grid cell. For a small grid cell this requires F k+
= O(αh). In this case the term αh arising in the denominator of the finite volume scheme should not cause a stability problem. In regions where the solution of the conservation law is smooth, the h-box values are constructed to satisfy an analogous property, namely Q
= O(αh). Since in our applications the flux function is a Lipschitz continuous function of Q L and Q R , the flux difference has the required cancellation property; see [5] .
For the advection equation Stern [28] proved that the first order accurate h-box methods are TVD. Here we will briefly outline this proof which follows the general concept described above. The first order h-box method can (for a > 0) be rewritten in the form
−h+αih
Here we assume that each grid cell has the size
is the piecewise linear reconstructed function (3.9). The stability result also holds on an irregular grid with more than one small cell. See also section 5 for a slightly different generalization of the piecewise linear function that has to be used in the construction of h-box values for a completely irregular grid.
Using this notation we now consider the difference |Q | and sum over all grid cells. This sum can be estimated as
We obtain the TVD property
For the h-box method (3.2) using h-box values that were calculated by averaging over piecewise constant values, (4.1) is always satisfied, sinceQ n i = Q n i . For the more accurate first order h-box method (3.4), the TVD property can be shown if a TVD slope limiter is used in the construction of the h-box values, as discussed in section 3.3.
Note that for the approximation of the advection equation, the first order h-box method based on h-box values (3.1), i.e., defined by averaging over piecewise constant values of the conserved quantities, is also monotone. This property does not carry over to the first order h-box method with h-box values calculated by the interpolation formula (3.3). Note also that none of these two first order accurate h-box methods applied to Burgers's equation leads to a monotone method.
In the appendix we show stability for the second order accurate h-box method applied to the advection equation. This proof is based on the stability theory of Gustafsson, Kreiss, and Sundström [11] .
Irregular grid calculation.
In order to demonstrate the robustness of the high-resolution h-box method we now apply the scheme to a completely arbitrary grid; see Figure 4 .
The indices m, l and s, t indicate the grid cells that are only partly covered by the left-(respectively, right-) going h-boxes that are constructed at the cell interfaces of grid cell k. Slopes are needed only in these four cells because averaging over an entire cell gives a value that is independent of the slope. Averaging over these piecewise linear functions leads to the h-box values
Approximation of the advection equation on irregular grids.
We can show that these h-box values used in an upwind scheme (which is equivalent to the first order wave propagation algorithm) lead to a consistent approximation of the advection equation.
) with h-box values defined by (5.3) leads to a first order accurate approximation of the advection equation (with advection speed a > 0) on an irregular grid.
The proof is based on Taylor series expansion and may be found in the preprint version of this paper [2] . Together with the stability result mentioned in section 4, we obtain first order convergence of this h-box method on irregular grids using time steps that satisfy CFL h ≤ 1.
Once the h-box values are defined we can apply the same second order correction terms (3.8) at the cell interfaces of a completely irregular grid. With such an approach 
Fig. 5. Approximation of the advection equation on an irregular grid using the high-resolution h-box method with h-box values calculated by linear interpolation. (a) numerical results on an irregular grid with h = 0.04; (b) log-log-plot of h versus L 1 -norm error as well as maximum-norm error shows second order convergence.
we can expect second order convergence. Figure 5 shows numerical results for the approximation of the advection equation on a sequence of irregular grids.
The initial values are set to q(x, 0) = sin(2πx) on the interval [0, 1]. Periodic boundary conditions are imposed. A convergence study shows that our new high-resolution hbox method converges with second order accuracy both in the L 1 -norm as well as the maximum norm. The accuracy of this calculation compares well with the accuracy of the standard wave propagation algorithm that was briefly described in section 2. However, here we could use much larger time steps. In Figure 6 , we show results for the same test case, but here the h-box values were constructed by averaging over piecewise constant values of the conserved quantity, i.e., the formally inconsistent method described in section 3.1. Although we add second order correction terms (which increases the accuracy) the resulting method is only first order accurate. This is analogous to our analytical results for the simpler situation with only one small cell.
Approximation of the Euler equations on irregular grids.
In this section we study the performance of the high-resolution h-box method for one-dimensional Euler equations. The equations can be written in the form (1.1) with
where ρ, p, E, and u describe the density, pressure, total energy, and the velocity, respectively. The equation of state has the form
First we consider the approximation of a test problem defined in Example 5.1 on an irregular grid. The ratio of specific heats is set to γ = 1.4. In Figure 7 we show numerical results for the approximation of Example 5.1 using our new high-resolution h-box method. A convergence study for density at different time steps is shown in Table 5 .1. Here we compare the numerical solution for density on a sequence of irregular grids to a highly resolved reference solution that was calculated on a regular spaced grid. We show results for both the unlimited second order h-box method and a version using the minmod limiter. Next we consider the approximation of a shock wave with the Euler equations. shock waves that are propagating outwards. We use an irregular grid with grid cells that may be smaller than h = 0.01 on the left half of the interval. For x > 0.5 the grid is regular with mesh length x = 0.01. We use time steps that correspond to CFL h ≈ 0.9. Figure 8 shows numerical results of Example 5.2 for the high-resolution h-box method based on the linear interpolation formula. Our numerical results in Figure 8(a) show that the limiters described in section 3.3 can suppress spurious oscillations near the discontinuity. The approximation of the shock wave that is moving into the region of the irregular grid is in good agreement with the symmetric shock wave that is moving into the regular part of the grid. On the irregular grid the shock is smeared out over more grid cells than on the regular grid. The reason for this more smeared out shock profile is that a jump in the conserved quantities can influence several hbox values. In Figure 8 can be calculated by using the exact formula, i.e.,
, with the flux f (q) = 1 2 q 2 . Figure 9 (a) demonstrates that this method produces unphysical oscillations around the sonic point. Note that in this section we use only first order accurate methods to isolate this phenomenon from the flux limiting procedure. The numerical problem can be avoided by using the Lax-Friedrichs flux, which has at the interface x i− 1 2 the form
See Figure 9 (b) for numerical results. The same effect can also be observed in the approximation of a transonic rarefaction wave for the Euler equations. To see this we consider a shock tube problem for which the solution consists of a right-moving shock wave, a contact discontinuity, and a left-moving transonic rarefaction wave. The initial values are ρ = 1, u = 0.75, p = 1 for x ≤ 0.3 and ρ = 0.125, u = 0, p = 0.1 for x > 0.3. The ratio of specific heats is γ = 1.4. For the numerical approximation we used a Roe-Riemann solver with standard entropy fix for transonic rarefaction waves. The results of this calculation are shown in Figure 10 . The numerical solution shows some oscillations around the sonic point; see Figure 10 (b) for a closer view of the region around the sonic point. If the fluxes at the cell interfaces are again calculated by the Lax-Friedrichs method this numerical problem does not arise; see Figure 11 .
In the preprint [2] of this paper, we studied the entropy consistency of the hbox method for the approximation of Burgers's equation. For the h-box method with Godunov flux, we showed that a discrete entropy inequality is satisfied away from sonic points. This implies that the numerical solution converges to the entropy consistent weak solution of the conservation law. We showed that this discrete entropy inequality can be violated at a sonic point. While this does not give us any prediction whether or not the method is entropy consistent at the sonic point, it is interesting to note that this is exactly the case where the h-box method leads to numerical difficulties. We plan to further investigate the entropy consistency of h-box methods in order to develop an entropy fix that is less dissipative than the Lax-Friedrichs method and that can be extended to a high-resolution method.
7. Higher-dimensional irregular grid calculations. Now we will consider two-dimensional systems of conservation laws in the form
The simplest way to extend a one-dimensional method for conservation laws to multidimensional problems is to use dimension splitting. Equation (7.1) would be approximated by solving one-dimensional subproblems in an alternating way. The highresolution one-dimensional h-box method could be used in each substep. Instead of using a dimensional splitting approach, we will here develop a twodimensional h-box method that is based on the multidimensional wave propagation algorithm [17] , [18] . We assume that the reader is familiar with the two-dimensional wave propagation algorithm and with the notation used below. As a first step in this approach we solve one-dimensional Riemann problems normal to each cell interface. Based on formula (3.6), which describes the one-dimensional h-box method, we obtain
) .
The method (7.2) is stable for time steps that satisfy CFL h ≤ 1 2 . Second order correction terms of the form (3.8) can be included in x as well as in y direction, which leads to a method of the form
The second order correction terms are again obtained by using the waves and speeds calculated from solving Riemann problems defined by h-box values. Limiters are used in exactly the same form as described earlier for the one-dimensional case.
In addition to fluxes in the normal direction, the multidimensional wave propagation algorithm also calculates waves that are moving in a transverse direction. For the usual wave propagation scheme one has Q L i+
. In this case the transverse propagation of waves can be obtained by a decomposition of the flux differences A ± Q, B ± Q into transverse fluctuations. For the h-box method this transverse propagation has to be modified. In order to explain the transverse propagation we consider the two-dimensional advection equation
Assuming first that x i = h and y j ≤ h, the change of the cell average of the conserved quantity q in grid cell (i, j) due to the first order update in the x-direction has the form
Since we assume that the advection speed a in the x-direction is positive, there is no wave that moves into this cell from the right cell interface. Furthermore, the difference
) vanishes in the case x i = h. In the two-dimensional case a part of the right-moving flux difference A + Q should affect other grid cells. This is indicated in Figure 12 . The shaded regions indicate the influence of the jump Q ij − Q i−1,j (initially located at the left cell interface) due to the solution of the Riemann problem in the normal direction. In a multidimensional method the solution of the Riemann problem at the interface x i− 1 2 should not affect only the cell average of the conserved quantities in the grid cell (i − 1, j) and (i, j). It should also have an effect on grid cells in the tangential direction. In the situation shown in Figure 12(a) , the triangular portion of the wave describes the fraction that should affect the grid cell (i, j + 1). The transverse propagation of the wave considered in Figure 12 (a) should change the cell average of the conserved quantity in grid cell (i, j) by the amount
The change of the cell average of the conserved quantity in cell (i, j + 1) due to the transverse propagation of this wave has the form
The notation B ± A ± Q was introduced in [18] to describe transverse propagations of left-and right-moving flux differences. For the wave propagation algorithm with time step restriction CFL ≤ 1 the transverse propagation has always the triangular form depicted in Figure 12 (a), even if the grid is irregular. Since the transverse propagation approximates terms that are needed in order to obtain second order accuracy, we include those terms into the second order correction terms used in (7.3). The up-going flux difference B + A + Q i− 1 2 contributes to theG term in the form of an updateĜ
For our h-box method we have to extend the transverse propagation to allow also wave propagation of other forms, for instance those shown in Figures 12(b) or (c) . For the situation shown in Figure 12 (b) the update of the fluxG due to the transverse propagation has the form
In the situation shown in Figure 12( , depending on the fraction of the wave considered. As demonstrated in these examples, simple geometric routines can be used to calculate the fraction of the waves that determine the change of the cell average of the conserved quantity due to the transverse propagation. Note that the wave speed in the normal direction (i.e., a in our example) is present in the fluctuations A ± Q. In order to calculate the transverse propagations no other information from the structure of the Riemann problem in the normal direction is needed. Therefore, even for a system of conservation laws, we have only to decompose the left-and rightmoving flux differences, instead of decomposing each wave resulting from the Riemann problem in the normal direction separately.
So far we have assumed that x i = h. If x i < h, we want to use the onedimensional h-box method in order to calculate the fluxes in the normal direction. The transverse propagation will take a very similar form as discussed above. Now we could interpret the grid cells (i, j), (i, j +1) shown in Figure 12 as h-boxes constructed at the interface x i− 1 2 . The transverse propagation of waves should again depend on the fraction of the wave that moves through the h-box considered. This can be calculated in exactly the same way as described above for the case x i = h. In order to obtain the correct cancellation property needed for a stable update, we have to include the terms f (Q L i+ ) that arise in (7.2) into our transverse propagation. Motivated by (2.1), (2.2) we do this by applying an update of the form
before we calculate the change of the fluxesĜ 2 . For our example of the advection equation with positive advection speeds, this update of A ± Q has the effect that A − Q is no longer equal to zero. Moreover, the fraction of the wave that is propagated in the transverse direction depends only on the size of the grid cells and the speed b. Therefore, our transverse propagation has the effect that a fraction of the update used in (7.3) is propagated in the transverse direction. The update, which describes the wave propagation in the x-direction was already constructed to be of the order O( x) with x ≤ h. Our transverse propagation allows that at most a fraction of magnitude O( y) ( y ≤ h) is propagated in the transverse direction. (See, for instance, Figure 12 (c).) Therefore, our transverse propagation satisfies the cancellation property. The transverse propagation of B + Q also has to be included in an analogous way. By including the transverse propagation into our two-dimensional h-box method, we obtain stability for time steps that satisfy the condition CFL h ≤ 1.
A transverse propagation of the second order correction (3.8) can be included into the transverse propagation in the same form as it was discussed for the wave propagation algorithm in [18] . This further increases the accuracy of the method. It was used in our test calculations below. We now demonstrate the performance of our two-dimensional high-resolution hbox method for the approximation of the advection equation. We will compare the numerical results obtained for this h-box scheme with results obtained using the standard high-resolution clawpack algorithm for irregular grid calculations. The latter method requires the time step restriction CFL ≤ 1, while the h-box method is stable for time steps that satisfy CFL h ≤ 1. We first study the accuracy for the twodimensional advection equation. Test calculations for Example 7.1 confirm that the h-box method leads to second order accurate approximations also in this multidimensional application. In maximum norm rather than in the L 1 -norm. However, in both norms the experimental order of convergence is about 2. The results for the h-box method compare well with numerical results obtained with the standard wave propagation algorithm with appropriate modifications that allow the approximation on a nonuniform grid. Both schemes converge with second order, but the error is slightly smaller if we use the h-box method. This is due to the numerical viscosity, since the time step restriction CFL ≈ 0.9 for the wave propagation algorithm leads away from the small cell to time steps that correspond to CFL ≤ 0.1.
Our two-dimensional h-box method can be extended to systems of conservation laws in the same way as the standard wave propagation algorithm. The modifications described above now have to be applied to each wave resulting from the decomposition of the left-(respectively, right-) going flux differences into up-and down-going waves. In our last example we consider the approximation of a two-dimensional Riemann problem for the Euler equations, as studied in [27] . This same example was considered in [18] , where results of clawpack calculations on a uniform grid are shown. The initial values are piecewise constant in four quadrants, and the solution of each single Riemann problem is a shock wave. Due to the interaction a complex solution structure is obtained. For this calculation we have, in addition to the regular grid cells of the size h × h, 10 lines and 10 columns with height (respectively, width) varying between 0.1h and 0.9h. Our solution on a nonuniform grid calculated by the high-resolution h-box method with h = 0.005 compares well with those obtained on a regular grid; see Figure 14 . The shock waves are equally well approximated with both methods. Slight differences are visible only at the unstable contact lines, which are very sensitive to the numerical method; see also [18] , where it was shown that different limiters have quite a large impact on the approximation.
Conclusions.
We studied high-resolution h-box methods for the approximation of hyperbolic systems of conservation laws on irregular grids and showed that the definition of the h-box values is important in order to construct accurate schemes. In forthcoming work we will use this to construct a new two-dimensional high-resolution Fig. 15 . Notation for GKS stability, with one small cell in the middle.
h-box scheme for the approximation of conservation laws with embedded irregular boundaries. So far there is no Cartesian grid embedded boundary method that leads to a second order accurate approximation at boundary cells. Further work will also concentrate on the entropy consistency of h-box methods and the approximation of transonic rarefaction waves.
Appendix A. Stability of the second order h-box method. In this appendix we prove the stability of the second order h-box scheme for q t = q x using linear interpolation according to the theory of Gustafsson, Kreiss, and Sundström [11] (henceforth GKS). We treat the small cell with mesh width αh as a boundary condition for the Lax-Wendroff scheme applied on either side of the small cell, using the notation of Figure 15 . Here the conserved quantity assigned to the right h-box at the interface x − 1 2 is denoted by V 0 . The left h-box value at the interface x 1 2 is U 0 . The derivation of the stability condition for the update of the small cell is similar to those used in Berger [1] , where stability for schemes with local grid refinement was analyzed.
Both U and V are computed using the second order Lax-Wendroff scheme, With this numbering, for l 2 solutions the root κ of the characteristic equation for U on the right side has magnitude less than 1, and τ has magnitude greater than 1. Roughly speaking, the scheme is unstable if and only if there are l 2 solutions satisfying the interpolation conditions with growth in time |z| > 1.
The linear interpolation conditions (3.3) give us
where the small cell, labeled W above, satisfies the "small cell" version of LaxWendroff,
The characteristic equation for W is W n =ŵz n . We normalize the equations and takê w = 1. Substituting the characteristic roots for U, V into the interpolation conditions We use (A.5) to replace ρ and σ in terms of στ −1 and ρκ. Also, for a given mesh width h on both the left and right, it is easily seen that the product of the roots κ and τ are κτ = We call this root condition for the stability of the small cell scheme with Lax-Wendroff. If there are roots z with |z| > 1 and κ, τ −1 with magnitude less than or equal to 1, satisfying (A.8), then by the GKS theory the scheme is unstable. Conversely, if there are no such roots, the scheme is stable. As in [1] , we will use the maximum principle to reduce the range of values we need to check for stability.
To see that the maximum principle applies, we will show that the right-hand side of (A.8), call it f (z), has no singularities for |z| ≥ 1 and is bounded as z → ∞. First note that f (z) = (1 − One of the roots is always inside the unit circle, and the other one is outside the unit circle; see [11, Lemma 6.1] . The root inside the unit circle is the root we call κ above, and τ is the root that is outside the unit circle.
The square root term of (A.10) is zero only for z = 1 − λ, which being inside the unit circle is outside the region of interest, so there are no branch points for |z| > 1. 2z , which is clearly bounded for large z. So the maximum principle applies. Thus f (z) attains its maximum value on the circle |z| = 1. The next step then is to examine the magnitude of f (z) for values of z on the unit circle. Since we can show only analytically that f (z) ≤ 1 for λ > 0.5, we instead evaluate f (z) numerically, for 0 ≤ α ≤ 1, and 0 < λ ≤ 1, on the unit circle for z = e iθ , 0 ≤ θ ≤ 2π. Figure 16 shows the locus of values of f (z), where the unit circle is also drawn. As the figure and some algebra shows, only for z = 1, λ = 0, and z = −1, λ = 1, does z = f (z).
Examining the first value z = 1 = f (z), we have λ = 0, or equivalently ∆t = 0, so Q n+1 = Q n (with Q ∈ {U, V, W }), which is clearly a stable solution. For the other case, we have z = −1 = f (z), whose only solution (again using some numerical evaluation and some algebra) is λ = 1, α = 0. But α = 0 corresponds to the usual Lax-Wendroff scheme without the small cell, and λ = 1 for this case is straight copying of the solution (κ = 0, τ = −1). Again this is stable.
Since Lax-Wendroff is a second order method, the use of linear interpolation with O(h 2 ) error on a lower-dimensional set of points is reasonable. However, one might consider the use of quadratic interpolation for U 0 , V 0 . The next question is what stencil to use for the quadratic interpolant. Using the notation of Figure 15 , one might consider using the same interpolant based on V −1 , W, and U 1 to get both U 0 and V 0 . However, this choice reduces the stability region to λ < .5. If instead the interpolant for U 0 uses the surrounding points V −1 and W , and the third point is always the upwind point V −2 , full stability for a Courant number of λ ≤ 1 is retained for all small cells with 0 < α < 1.
